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Let f:(X, A)+(X, A) be an admissible selfmap of a pair of metrizable ANR’s. A Nielsen 
number of the complement fi(.1, X, A) and a Nielsen number of the boundary G(f; X, A) are 
defined. fi(S; X, A) is a lower bound for the number of fixed points on CI(X -A) for all maps 
in the homotopy class of f: It is usually possible to homotope ,f to a map which is fixed point 
free on Bd A, but maps in the homotopy class off‘ which have a minimal fixed point set on X 
must have at least G(.f, X, A) fixed points on Bd A. It is shown that for many pairs of compact 
polyhedra these lower bounds are the best possible ones, as there exists a map homotopic to ,f 
with a minimal fixed point set on X which has exactly fi(.f; X, A) fixed points on CI(X -A) 
and G(f‘; X, A) fixed points on Bd A. These results, which make the location of fixed points on 
pairs of spaces more precise, sharpen previous ones which show that the relative Nielsen number 
N(f‘, X, A) is the minimum number of fixed points on all of X for selfmaps of (X, A), as well 
as results which use Lefschetz fixed point theory to find sufficient conditions for the existence of 
one fixed point on CI(X -A). 
AMS(MOS) Subj. Class.: Primary 55M20; 
minimum number of fixed points 
1. Introduction 
Let f: (X, A) + (X, A) be a selfmap of a pair of spaces. Minimal fixed point sets 
off have been studied in [7], where a relative Nielsen number N(f; X, A) was 
introduced, and where it was shown that N(f; X, A) is a lower bound for the 
number of fixed points on X for all maps in the homotopy class off if (X, A) is a 
pair of compact metrizable ANR’s. For many pairs of compact polyhedra N( f; X, A) 
is actually the best possible lower bound, as there exists a map g : (X, A) + (X, A) 
homotopic to f which has precisely N(f; X, A) fixed points [7, Theorem 6.21. But 
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while the position of minimal fixed point sets on X is usually arbitrary if A=@ 
(and hence N(S; X, A) = N(f)), this is no longer true if A Z $3. This fact is the topic 
of the present paper. 
In the special case where f is a deformation (i.e. homotopic to the identity map 
id : (X, A) + (X, A)) the possible location of minimal and arbitrary fixed point sets 
was described in terms of the Euler characteristics of X and the components of A 
in [8]. We now extend some of these results to arbitrary maps of pairs, and study 
the number of fixed points which must occur on the closure Cl(X -A) of the 
complement of A, on the boundary Bd A of A, and on A. Thus the location of fixed 
point sets for selfmaps of pairs of spaces is made more precise. 
The topic of this paper dates back to 1968, when Bowszyc [l] established sufficient 
conditions for the existence of at least one fixed point on Cl(X-A) in terms of 
Lefschetz numbers for compact selfmaps of pairs of metrizable ANR’s. His work 
has been extended to maps of compact attraction of such pairs by Dzedzej [3] and 
Gorniewicz and Granas [4]. (See e.g. Theorem 4.3 below.) By using Nielsen fixed 
point theory rather than Lefschetz fixed point theory we can obtain much stronger 
results. 
Our methods are related to those of [7]. We introduce in Section 3 two variants 
of the relative Nielsen number which we call the Nielsen number of the complement 
and the Nielsen number of the boundary, and denote by fi(f; X, A) and G(f; X, A). 
They are defined for a class of selfmaps of pairs of metrizable ANR’s which are 
not necessarily compact. This class is modelled on the class of “admissible” selfmaps 
of metrizable ANR’s which was used by Scholz [9] in order to define the Nielsen 
number N(f) for maps f: X + X of a non-compact metrizable ANR X. Admissible 
selfmaps of pairs of metrizable ANR’s are defined in Section 2, and the relative 
Nielsen number N(f; X, A) of [7] is extended to this setting. 
In Section 3 we prove that *(f; X, A) is a lower bound for the number of fixed 
points on Cl(X - A) for admissible selfmaps of the pair (X, A) (Theorem 3.1). But 
i(f; X, A) is not always a lower bound for the number of fixed points on Bd A, as 
a selfmap of (X, A) can usually be homotoped to one which is fixed point free on 
Bd A (Theorem 3.2). Nevertheless n(f; X, A) plays the role of a lower bound, as 
any selfmap of (X, A) with a minimal fixed point set must have at least n”(f; X, A) 
fixed points on Bd A (Theorem 3.5). We also show how the Nielsen numbers of 
the complement and of the boundary can be calculated in some special cases and 
in concrete examples. In Section 4 we show that G(f; X, A) and n’(f; X, A) have 
the usual basic properties of Nielsen numbers, especially that they are homotopy 
invariant (Theorem 4.1), and we relate k(f; X, A) to the results of Bowszyc 
(Theorem 4.4). The final Section 5 gives conditions for a pair of compact polyhedra 
(X, A) which ensure that fi(f; X, A) and n”(f; X, A) are optimal lower bounds for 
maps with minimal fixed point sets, i.e. conditions which allow the construction of 
a map g : (X, A) + (X, A) homotopic to a given map f: (X, A) + (X, A) so that g has 
N(f; X, A) fixed points of which fi(f; X, A) lie on Cl(X -A) and &(f; X, A) lie 
on Bd A (Theorem 5.1). The conditions on (X, A) arise from the fact that the proof 
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of Theorem 5.1 consists of sharpening some methods used in the proof of the 
Minimum Theorem 6.2 of [7]. 
The paper requires knowledge of some results and proofs from [7] and [9]. 
Background material on Nielsen fixed point theory can be found in [2] and [6]. 
2. Relative Nielsen numbers for pairs of non-compact ANR’s 
We give in this section the necessary background concerning fixed point classes 
and the relative Nielsen number N(f; X, A) for a map f: (X, A) + (X, A) of pairs 
of spaces. These concepts were introduced in [7] for the case where (X, A) is a pair 
of compact metrizable ANR’s, and are here presented in a more general setting 
which reduces for A = (d to that of Scholz [9]. 
Let f: (X, A) + (X, A) be a map of a pair of spaces. We write f : A + A for the 
restriction off to A, and f: X +X if the condition f(A) c A is immaterial. Hence 
homotopies off: (X, A) + (X, A) are maps of the form H : (X x Z, A x I) + (X, A), 
and homotopies off: X + X are maps of the form H: X x Z + X. We write Fixf= 
{xg Xlf(x) =x} for the fixed point set off, and ind(X,J IF) for the index of the 
fixed point class IF off: X + X, The closure, interior and boundary in X of a subspace 
B c X are denoted by Cl B, Int B and Bd B. Other notation is as in [9]. 
A class 9 of selfmaps f: (X, A) + (X, A) of pairs of spaces (X, A) will be called 
admissible if, for each f E 9, the maps f: X +Xandf;A+Ainducedbyf:(X,A)+ 
(X, A) are admissible in the sense of [9, p. 821, i.e. if 
(i) f: X + X and 7: A + A have generalized Lefschetz numbers L(f) and L(J), 
(ii) Fix f is compact in X and Fixf is compact in A, 
(iii) X and A are metrizable ANR’s. 
An s-homotopy is a map H : (X x Z, A x I) + (X, A) so that both H : X x I + X 
and fi : A x Z + A are s-homotopies as defined in [9, p. 811. The class 9 admits an 
index if, for each f E 9, an index which satisfies the five axioms of [9, p. 821 exists 
for all maps f: X + X and f: A + A induced by f E 9. We shall, in the remainder 
of this paper, always assume that 9 is an admissible class of selfmaps of pairs of 
spaces which admits an index. Examples of such classes include the class of compact 
selfmaps of pairs of metrizable ANR’s (X, A), where A is closed in X, considered 
by Bowszyc [l] and the more general class of maps of compact attraction of pairs 
of metrizable ANR’s considered in [3] and [4]. 
For any f E 9 the fixed point classes lF off: X + X and F of 7: A -+ A are defined 
as in [9]. Hence fixed point classes in this paper are always considered to be 
non-empty. As in [7, Definition 2.1 and Corollary 2.31 we say that a fixed point 
class [F off: X + X is a common fixed point class off and 7 if [F contains at least 
one essential fixed point class F of 7: A + A. An essential common fixed point class 
off and f is an essential fixed point class off: X +X which is a common fixed 
point class off and f7 We write N(f; 1) for the number of essential common fixed 
point classes off and f and define the relative Nielsen number N(f; X, A) of the 
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map f E 9 as 
N(f;X,A)=N(J)+N(f)-N(f;f). (2.1) 
As the ordinary Nielsen numbers N(f) and N(f) are invariant under .F- 
homotopies, the invariance of N(f; X, A) under %homotopies can be proved as 
in [7, Theorem 3.31. All other results from [7, Section 2 and 31 hold for maps in 9. 
In particular one can use the same counting argument as in the proof of [7, Theorem 
3.11 to obtain the following theorem. 
Theorem 2.2. Iff: (X, A) + (X, A) IS a map in 9, then any map 9-homotopic to f has 
at least N(f; X, A) jxed points. 
3. The Nielsen numbers of the complement and of the boundary 
We now introduce two numbers which are related to the numbers of Section 2. 
The first, which we call the Nielsen number of the complement, will be a lower 
bound for the number of fixed points on Cl(X -A), and the second, which we call 
the Nielsen number of the boundary, will be a lower bound for the number of fixed 
points on Bd A for selfmaps of (X, A) with minimal fixed point sets. If f E 9 and 
if IF is a fixed point class off: X + X, then IF n A is empty or the union of fixed 
point classes of 7: A+ A [7, Lemma 2.21 and hence the index ind(A, x Fn A) is 
well defined as the sum of the indices of the fixed point classes of 7: A + A which 
are contained in IF n A. We say that the fixed point class IF off: X + X assumes its 
index in A if 
ind(X,L IF) = ind(A, 1, IF n A). 
The Nielsen number of the complement i?(_f; X, A) is defined as the number of all 
fixed point classes of f: X + X which do not assume their index in A, and the 
Nielsen number of the boundary ri( f; X, A) is defined as the number of fixed point 
classes off: X + X which do not assume their index in A and are common fixed 
point classes off and T Hence i( f; X, A) s k(f; X, A) and both are non-negative 
integers. We want to stress that in the calculation of fi( f; X, A) and nl( f; X, A) all 
(non-empty) fixed point classes off: X + X, whether essential or inessential, have 
to be considered. This may seem strange at first, but becomes more natural once 
one realizes that an inessential fixed point class off: X + X which does not assume 
its index in A must contain at least one essential fixed point class off : A + A. The 
tilde over N and n in the symbols fi( f; X, A) and S(f; X, A) was chosen to remind 
the reader that they cannot be computed (as in the case of N(f) and N(f; X, A)) 
from the knowledge of essential fixed point classes only. The next theorem explains 
the name of fi( f; X, A). 
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Theorem 3.1 (Lower bound). Iff: (X, A) + (X, A) is a map in 9, thenfhas at least 
6(f; X, A) jixed points on Cl(X -A). 
Proof. Let lF be a fixed point class off: X + X which does not assume its index in 
A. Then IF n Cl(X -A) # 0, for otherwise F c Int A would imply 
ind(X,f; IF) =ind(A,f, F) =ind(A,x IFn A). 
Therefore we can find *(f; X, A) fixed points on Cl(X -A), one for each such 
fixed point class IF. 0 
In contrast to Theorem 3.1 it is not true that i?(f; X, A) is always a lower bound 
for the number of fixed points on Bd A. In fact it is usually possible to homotope 
f to a selfmap g of (X, A) which is fixed point free on Bd A, as the proof of [7, 
Theorem 4.11 can easily be adapted so that the N(J) fixed points of S : A + A are 
moved to Int A rather than Bd A. Recall from [7, Section 41 that a space X is called 
a Nielsen space if every map f: X + X is homotopic to a map g : X + X which has 
N(f) fixed points, and if these fixed points can lie anywhere on X. Thus we have 
the following theorem. 
Theorem 3.2. Let (X, A) be a pair of compact polyhedra, let X be connected and let 
each component of A be a Nielsen space. Then every map f: (X, A) -+ (X, A) is 
homotopic to a map g : (X, A) + (X, A) which has no jixed points on Bd A. 
Here is a concrete example of a map with 0 < i(f; X, A) but without fixed points 
on Bd A. 
Example 3.3. Let X = S’ = {(x, y) 1 x2+ y2 = 1) be the unit circle in the plane iw’, let 
u,=(l,O) and x,=(-1,0), and let A be a small arc centered at a,. Iff:(X,A)+ 
(X, A) is a map homotopic to the identity of (X, A), has the fixed point set {a,, x0} 
and moves all points x E X -{a,, x0} towards a, along the arc from xc, through x 
to a,, then f has no fixed points on Bd A. But G(f; X, A) = fi(f; X, A) = 1. 
Note also that N(f; X, A) = 1, and that f has 2 fixed points. Higher-dimensional 
examples can easily be obtained by using a “fat” torus S’ x B”, where B” is an 
n-ball, and composing f with a retraction of S’ x B” onto S’. 
The map f in Example 3.3 which is fixed point free on Bd A has more than 
N(f; X, A) fixed points on X. We now proceed to show that this behaviour is 
typical, and that maps of (X, A) with minimal fixed point sets must in fact have at 
least n”( f; X, A) fixed points on Bd A. Thus fi( f; X, A) does serve as a lower bound 
for the number of fixed points on Bd A, but only for the class of selfmaps of (X, A) 
which have a minimal fixed point set. To obtain this result, we need a formula 
which relates fi(f; X, A) and n”(f; X, A) and is similar to the definition (2.1) of 
N(f; K A). 
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Theorem 3.4. If f: (X, A) + (X, A) is a map in 9, then fi(f; X, A) = 
rT(f; X, A) + N(f) - N(f, 7) and hence N(f; X, A) = N(f) + fi(f; X, A) - 
W; X, A). 
Proof. If we denote the fixed point classes off: X + X by IF, then by definition 
n”(f; X, A) + [N(f) - NM f-11 
= #{IF Iff is a common fixed point class off and f and does not 
assume its index in A} 
+ #{IF/F is an essential fixed point class which is not a common 
fixed point class off and f}. 
But a fixed point class F which is not a common fixed point class off and 7 is 
essential if and only if it does not assume its index in A, and so we get 
fi(f; X, A) + [N(f) - N(f; f,l 
= #{IF ) IF is a common fixed point class off and f and does not assume 
its index in A} 
+ #{F/F is not a common fixed point class off and f and does not 
assume its index in A} 
= #{F 1 IF does not assume its index in A} = fi(f; X, A). 
Hence Theorem 3.4 is true. 0 
The lower bound property of r?(f; X, A) follows now immediately from Theorems 
3.1 and 3.4 and the fact that 7: A+ A must have at least N(f) fixed points. 
Theorem 3.5 
points, then it has at least r?(f; X, A) fixed points on Bd A. 
Although the computation of fi( f; X, A) and rT(f; X, A) requires the knowledge 
of all fixed point classes off: X + X and 7: A + A, it is easy in some special cases, 
and often possible in concrete examples, once N(f) and N(f) are known. The 
next two theorems, as well as the two examples following them, illustrate this fact. 
Theorem 3.6. Iff : (X, A) + (X, A) uamapin9andifN(f)=O, thenri(f;X,A)=O 
and fi(f; X, A) = N(f). 
Proof. If N(f) = 0, then there cannot exist any common fixed point classes of f 
and 7, so N(f,f) = ii(f; X, A) = 0. Hence fi(f; X, A) = N(f) by Theorem 3.4. 0 
Theorem 3.7. Let f: (X, A) + (X, A) b e a map in 9. If either X is simply connected 
or if X is connected and f is homotopic to the identity map id: (X, A) + (X, A), then 
(9 k(f; X, A) = 
(ii) n’(f; X, A) = 
ifL(f)# L(f) and N(f)fO, 
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Proof. If f: (X, A) + (X, A) is as assumed in the theorem, then either Fixf= 0 or 
f: X+X has one fixed point class [F, with ind(X,f, IF,) = L(f). 
(i) In the case Fixf=0 we have Fixf=0, and hence L(f) = L(f) =0 and 
fi(f; X, A) = 0. If, on the on the other hand, Fixff 0, then Fix 7~ Fixf implies 
ind(A,f,[F,nA)=ind(A,xFixf)=L(l), 
and so (i) follows from the definition of fi(f; X, A). 
(ii) If L(f) # L(f) and N(f) # 0, then Fixf# 0, and the one fixed point class 
IF, off: X + X is a common fixed point class off and 7 (as N(f) # 0) and does 
not assume its index in A (as L(f) # L(f)). Thus nl(f; X, A) = 1. If L(f) = L(f), 
then fi(f; X, A)< 6(f; X, A) implies i(f; X, A) =O, and if N(f) =O, then 
i?(f; X, A) = 0 by its definition. 0 
Example 3.8. Let X be a metrizable AR, let A = U A, be the disjoint union of 
finitely many AR’s and letf: (X, A) + (X, A) be a map in 9. Ifthere are k components 
A, of A with f(A,) c A,, then it follows from Theorem 3.7 that 
n’(f; X, A) = 
1 if ka2, 
0 ifk=O,l. 
(This example is modelled on [l, Theorem 5.11 where it is shown that iff: (X, A)+ 
(X, A) is a compact map and all AR’s A, are open or closed in X, then k # 1 implies 
that f has a fixed point on Cl(X -A).) 
The next example may seem somewhat contrived, but was chosen to illustrate 
the influence of inessential fixed point classes on the set of fixed points on Cl(X -A). 
Example 3.9. Let X be the “fat” torus in Euclidean space [w3 obtained by rotating 
the annulus a< (x, -2)‘+x:< 1 in the x,x,-plane around the x,-axis, and let A be 
the disjoint union of n small 3-balls Bj contained in the interior of X, and positioned 
so that f( Bf) = Bj for all BT if.f: (X, A) + (X, A) is the map given by f(x, , x2, xj) = 
(--x1, x2, x3). (See Fig. 1, which shows the intersection of (X, A) with the x,x,-plane.) 
Then N(f) = 0 [6, Example 2, p. 33 and Theorem 5.4, p. 211, but as Fixf is the 
intersection of X with the x,x,-plane, it is not empty. It consists of two annuli, 
each of which forms an inessential fixed point class IF, resp. IF, off: X + X. The 
fixed point set off: A + A consists of n = k, + k2 disks, where k,, for i = 1,2, is the 
number of components of A which intersect IF;. Hence 
but 
ind(X,J; [Fi) = 0, 
ind(A, f, IF, A A) = k, for i = 1,2. 
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Fig. 1. k,=2, k,=3. 
So we obtain (e.g. from the definition of fi(f; X, A) and Theorem 3.4) 
0 if k, = k, = 0, 
fi(f; X, A) = ii(f; X, A) = 1 if k, > 0, k2 = 0 or k, = 0, k,> 0, 
2 if k,>O and k,>O. 
We shall return to these two examples at the end of Section 5. 
4. Some properties of the Nielsen numbers of the complement and of the boundary 
The relative as well as the ordinary Nielsen numbers are invariant under homotopy 
and homotopy type. The same is true for k(f; X, A) and A(f; X, A). 
Theorem 4.1 (Homotopy invariance). 1ff; g : (X, A) + (X, A) are %homotopic maps 
in 9, then fi(f; X, A) = J+(g; X, A) and ;(f; X, A) = nl(g; X, A). 
Proof. Let H : (X x I, A x I) -+ (X, A) be an 9-homotopy from f to g, and let IF be 
a fixed point class off: X + X with ind(X,f, IF) # ind(A, 7, IF n A). We consider two 
cases. 
(i) If IF is a common fixed point class off and 1, then 
where each Fj (for j = 1,2, . . . , k and k 3 1) is an essential fixed point class of 
f: A + A and F’ is either empty or the union of inessential fixed point classes of 
f: A + A. Let G, be the essential fixed point class of g : A + A which is related to Fj 
by the homotopy fi:Ax I+A. (See e.g. [2, Ch. IV, D and E, p. 87 II.] [6, Ch. 1.2, 
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p. 7 ff.] and [9, pp. 83-841 for the relation of essential fixed point classes under 
homotopies.) If Gj is the fixed point class of g : X + X which contains G,, then it 
follows as in the proof of [7, Theorem 3.31 that 5 is H-related to G,, and hence 
G,=&=.. . = Gk = G is the fixed point class of g : X + X which is H-related to F. 
Thus 
where ind(A, f, IFj) = ind(A, g, G,) for j = 1,2, . . . , k. Using the homotopy H-’ from 
g to f we see that G’ cannot contain an essential fixed point class of g : A + A, so 
ind(A, g, G’) = 0. As ind(X,f; IF) = ind(X, g, G) it follows that H relates a fixed point 
class IF of f:X+X with ind(X,AF) #ind(A,f,FnA) which is a common fixed 
point class of f and f, to a fixed point class G of g : X + X with ind(X, g, 6) # 
ind(A, g, G n A) so that G is a common fixed point class of g and g. 
(ii) If [F is not a common fixed point class off and 7, then ind(A, 7, F n A) = 0 
and hence ind(X,L F) # 0, and so there exists a unique essential fixed point class 
G of g : X + X which is H-related to IF. This fixed point class G is not a common 
fixed point class of g and g, as otherwise HP’ would (as in part (i)) relate G to a 
common fixed point class off and J Hence H relates a fixed point class F of 
f: X + X which does not assume its index in A and is not a common fixed point 
class off and f to fixed point class G of g : X + X which does not assume its index 
in A and is not a common fixed point class of g and g. 
Using again the homotopy H-’ from g and f we see that the relations defined 
in the cases (i) and (ii) are one-to-one, and therefore Theorem 4.1 holds. q 
The proof of the next theorem can easily be obtained along the lines of the proof 
of [6, Ch. I, Theorem 5.2, p. 201 and is omitted. 
Theorem 4.2 (Commutativity). Zff: (X, A) + ( Y, B) andg : ( Y, B) + (X, A) are maps 
of pairs of spaces and if gf and fg are maps in 9, then 
fi(gf; X, A) = fi(fg; Y, B) and ii(gf; X, A) = tT(fg; Y, B) 
It is also a straightforward task to extend the definition of maps of pairs of spaces 
of the same homotopy type given in [7, Section 31 to that of maps in .?F of the same 
5-homotopy type, and to show (as in [6, Ch. I, Theorem 5.4, p. 211; see also [7, 
Theorem 3.51) that fi(f; X, A) and i(f; X, A) are .F-homotopy type invariant. We 
leave the details to the reader. 
We now relate 6(f; X, A) to existing results concerning fixed points on Cl(X -A). 
It was observed by Bowszyc [l] that Lefschetz numbers can be used to obtain a 
sufficient condition for the existence of a fixed point on Cl(X -A). One of his main 
results, which was extended to maps of compact attraction in [3] and [4], is the 
following. 
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Theorem 4.3 [l, Theorems 4.4 and 4.51. Let (X, A) be a pair of metrizable ANR’s, 
let A be either closed or open in A, and let f: (X, A) + (X, A) be a compact map. Zf 
L(f) # L(J), then f has a jixed point on Cl(X -A). 
In the classical setting, where A = (d, it follows from L(f) f 0 that N(f) > 0. The 
next theorem shows how this fact generalizes to maps of pairs of spaces. 
Theorem 4.4. If f: (X, A) + (X, A) is a map in 9 and L(f) # L(f), then 
fi(f; X, A) > 0. 
Proof. We will show that k(f; X, A) = 0 implies L(f) = L(f). 
It follows from the normalization and additivity axioms of the index that 
L(f) = ind(X,f; X) 
= C {ind(X,J IF) 1 F is a fixed point class off: X + X} 
and 
L(f)=ind(A,xA) 
-- - 
= 1 {ind(A, f, F) IIF is a fixed point class off: A + A}. 
But each fixed point class F of 7: A + A is contained in exactly one fixed point class 
lF off:X+X, and so 
L(f) = C {ind(A, 7, [F n A 1 IF is a fixed point class off: X + X}. 
By definition fi(f; X, A) = 0 implies that 
ind(X,J IF) = ind(A, 1 IF n A) 
for every fixed point class IF off: X + X, and hence L(f) = L(f) 
5. The location of minimal fixed point sets 
The Nielsen number N(f) is not only a lower bound for the number of fixed 
points on X for all maps in the homotopy class off: X + X, but for a large class 
of compact polyhedra it is the sharp lower bound, i.e. there exists a map g : X + X 
homotopic to f which has precisely N(f) fixed points. (See e.g. [5, Theorem 5.21.) 
For maps f: (X, A) + (X, A) of pairs of suitable compact polyhedra the sharp lower 
bound for the number of fixed points on X is the relative Nielsen number N( f; X, A) 
[7, Theorem 6.21, but the location of the N( f; X, A) fixed points of a map g : (X, A) + 
(X, A) homotopic to f: (X, A) + (X, A) is not arbitrary. As g : A + A is homotopic 
to 7: A+ A, there must be at least N(f) fixed points on A, and due to Theorems 
3.1 and 3.5 there must be at least %(f; X, A) fixed points on Cl(X -A), and at 
least ii(f; X, A) fixed points on Bd A if the fixed point set of g is minimal. We now 
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obtain conditions for (X, A) so that a map g : (X, A) + (X, A) which is homotopic 
to f: (X, A) + (X, A) and has a minimal fixed point set can be constructed in such 
a way that N(f) of these fixed points lie on A, fi(f; X, A) lie on Cl(X -A) and 
n”(f; X, A) lie on Bd A. Hence we show that for such pairs N(f) and fi(f; X, A) 
are sharp lower bounds for the number of fixed points on A and on Cl(X -A) for 
all maps homotopic to f: (X, A) + (X, A), and that G(f; X, A) is a sharp lower 
bound for the number of fixed points on Bd A for all maps homotopic to f: (X, A) + 
(X, A) which have a minimal fixed point set. The conditions for (X, A) consist of 
those of [7, Theorem 6.21 and one further assumption: namely, that each component 
of A has a non-empty interior. This assumption is essential, as e.g. Int A = (d implies 
Cl(X -A) = X and Bd A = A, and the least number of fixed points on Cl(X -A) 
is then N(f; X, A) and not fi(f; X, A) and the least number of fixed points on 
Bd A is then N(f). If only some, but not all components of A have a non-empty 
interior, then the calculation of the minimum number of fixed points on Cl(X -A) 
and Bd A is likely to be messy. As in [7] we say that a subspace A of X can be 
by-passed if every path in X with end points in X -A is homotopic, keeping end 
points fixed, to a path in X -A. 
Theorem 5.1 (Minimum Theorem). Let X, A be a pair of compact polyhedra such that 
(i) X is connected, 
(ii) X -A has no local cut point and is not a 2-manifold, 
(iii) every component qf A is a Nielsen space with a non-empty interior, 
(iv) A can be by-passed. 
Then every map f: (X, A)+ (X, A) h IS omotopic to a map g : (X, A) + (X, A) which 
has N(f; X, A) fixed points. Of these, N(f) 1’ re on A, fi(f; X, A) lie on CI(X -A) 
and ri(f; X, A) lie on Bd A. 
Proof. Without loss of generality we can assume that X # A, as otherwise Theorem 
5.1 is known. We proceed in three steps. 
Step 2. We show that f: (X, A) + (X, A) is homotopic to a map h : (X, A) + (X, A) 
which has the following properties: 
(a) i? has N(f:) fixed points on A, of which n(f; X, A) lie on Bd A and N(f) - 
n(f; X, A) in Int A, 
(b) distinct fixed points of I; on Bd A lie in distinct fixed point classes of h : X + X, 
and these fixed point classes do not assume their index in A, 
(c) there exists a compact polyhedron B in X so that A c X - B and h is fixed 
point free on CI(X - B) - A. 
To construct h we first homotope 7: A + A to a map 7’: A + A with N(f) fixed 
points uj which all lie in maximal simplexes of A, write I? for the homotopy from 
f to f’, and label the essential fixed point classes [F, of 7: A + A so that E, is H-related 
to the essential fixed point class F: = {a,} off’. For each common fixed point class 
IF off and f which does not assume its index in A we select exactly one label j so 
that E, c 5. Then we use the fact that A is a Nielsen space to move all aj whose 
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label was selected to Bd A, and keep all other aj in Int A. Let the resulting map, 
which is homotopic to f:A+A, be K:A+A. If fi: A+A is extended to a map 
h : (X, A) + (X, A) as in Step 1 of the proof of [7, Theorem 4.11 then h satisfies (a), 
(b) and (c). 
Step2. We show thatf: (X, A) + (X, A) is homotopic to a map h’: (X, A) + (X, A) 
with the following properties: 
(a) h’ has N(f) fixed points on A, of which &(f; X, A) lie on Bd A and 
N(J) - n”(f; X, A) in Int A, 
(b) distinct fixed points of h’on Bd A lie in distinct fixed point classes of h’: X + X, 
and these fixed point classes do not assume their index in A, 
(c) h’ is fix-finite, and all fixed points on X -A lie in maximal simplexes. 
The construction of h’ from h is the same as the construction of g from h in Step 
2 of the proof of [7, Theorem 4.11. 
Step 3. We show that f: (X, A) + (X, A) is homotopic to a map g : (X, A) + (X, A) 
which has N(f; X, A) fixed points, of which N(f) lie on A, fi(f; X, A) lie on 
Cl(X -A) and n”(f; X, A) on Bd A. 
As in the proof of [7, (6.3)] we can unite all fixed points of h’ which lie in X -A 
and belong to the same fixed point class of h’: X+ X to a single fixed point in 
X-A, and thus obtain a map g’: (X, A) + (X, A) so that each fixed point class of 
g’: X + X contains at most one point on X -A and at most finitely many points 
on A, and so that (a) and (b) of Step 2 (with g’ instead of h’) are satisfied. We now 
deal with the fixed point classes G’ of g’ : X -+ X according to the following four cases. 
(i) If 6’ assumes its index in A and is a common fixed point class of g’ and g’, 
then either G’c A or CD’= {x,,} u CY?h where X()E X -A and C?[, consists of one or 
more points in Int A. As 6’ assumes its index in A, we have 
ind(A, g’, G’n A) = ind(X, g’, S’) 
= ind(X, g’, x,,) + ind(X, g’, GA) 
= ind( X, g’, x0) + ind(A, g’, GA) 
= ind(X, g’, x,,) +ind(A, g’, G’n A). 
Hence ind(X, g’, x0) = 0, and we can delete x,, in the usual manner [2, Ch. VIII B, 
Theorem 4, p. 1231. 
(ii) If G’ assumes its index in A and is not a common fixed point class of g’ and 
g’, then 6’ must consist of a single point x0 E X - A with ind(X, g’, x0) = 0, and we 
can again delete x0. 
(iii) If G’ does not assume its index in A and is a common fixed point class of 
g’ and g’, then there exists according to (b) of Step 2 an isolated fixed point 
ai E G’n Bd A, and we can use the method of the proof of [7, (6.3)] to remove the 
single fixed point of 6’ on X -A (if it exists) by uniting it with a, E Bd A. 
(iv) If, finally, G’ does not assume its index in A and is not a common fixed 
point class of g’ and g’, then 
ind( X, g’, G’) # ind( A, g’, G’ n A) = 0, 
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so G’ must be essential. Hence G’= {x0} E X -A with ind(X, g’, x0) # 0, and therefore 
x,, cannot be deleted. Now a fixed point class G’ which is not a common fixed point 
class of g’ and g’ is in fact essential if and only if it does not assume its index in 
A. As there are N(g’) - N(g’, g’) = N(f) - N(J; T) essential fixed point classes of 
g’: X +X which are not common fixed point classes of g’ and g’, we are left with 
N(f) - N(f, 7) fixed points on X -A. 
Let g : (X, A) + (X, A) be the map obtained from g’ : (X, A) + (X, A) after all fixed 
point classes have been dealt with according to the four cases. We now count the 
number of fixed points of g. There are by construction N(f) fixed points on A, of 
which fi(f; X, A) lie on Bd A, and there are N(f) - N(f; f) fixed points on X -A. 
Hence it follows from Theorem 3.4 that the number of fixed points on Cl(X -A) = 
Bd Au Int(X -A) is 
s(f; X, A) + N(f) - N(f, 7) = fi(f; X, A), 
and on X = Cl(X -A) u Int A it is (again by Theorem 3.4) 
fi(f; X, A)+ N(f) - ii(f; X, A) = N(f; X, A). 
Thus Theorem 5.1 holds. 0 
Note that Example 3.9 was constructed so that the assumptions of Theorem 5.1 
are satisfied, and therefore the Nielsen numbers of the complement and of the 
boundary calculated there can actually be realized by a map with a minimal fixed 
point set. Another example where Theorem 5.1 applies can be obtained as a special 
case of Example 3.8 if X is a closed n-ball, with n 3 3, and all Aj are closed n-balls 
contained in Int X. 
Remark 5.2. If f: (X, A) + (X, A) is homotopic to the identity id : (X, A) -+ (X, A), 
then all Nielsen numbers occuring in Theorem 5.1 can be computed, and the location 
of a minimal fixed point set can be determined, in terms of the Euler characteristics 
of X and the components of A. This was done in [S, Theorem 4.11, where it was 
also shown that in this case the assumptions on (X, A) can be relaxed. 
Remark 5.3. Theorem 5.1 permits us to homotope a map to one with a minimal 
fixed point set in which the fixed points are distributed so that there are N(T) of 
them on A, fi(f; X, A) on Cl(X - A), and ri(f; X, A) on Bd A. This does not imply, 
however, that every selfmap of (X, A) with a minimal fixed point set must have the 
fixed points distributed in this manner, even if the assumptions of Theorem 5.1 are 
satisfied. If, e.g. X = B4 is the unit ball {xl 11 XII G l} in R4, if A = {x/$s llxll~ l} and 
iff: (X, A) + (X, A) is the identity, then N(f) = 0, fi(f; X, A) = 1 and G(f; X, A) = 
0. Theorem 4.1 (ii) of [8] shows that there exists a deformation g of (X, A) which 
has N(f; X, A) fixed points on Bd A and no further fixed points. Hence g has 
l> N(f) fixed point on A and l> nl(f; X, A) fixed point on Bd A. It is also easy 
to construct a map with a minimal fixed point set and greater than fi(f; X, A) fixed 
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points on Cl(X -A). In fact, the proof of Theorem 6.2 in [7] shows that all N(J) 
fixed points can be moved onto Bd A, and hence all N(f; X, A) fixed points can 
lie on Cl(X -A). A concrete example of a map with a minimal fixed point set but 
greater than fi(f; X, A) fixed points on Cl(X -A) can be obtained with X = B’, 
A={xJOSIIXIIG;} by takingf:(X,A)+(X,A) as the identity map and using [8, 
Theorem 4.1 (iii)] to show that there exists a deformation g of (X, A) with exactly 
N(f; X, A) = 1 fixed point a, so that a, lies on Bd A. Hence g has 1 > fi(f; X, A) 
fixed point on Cl(X, A). 
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